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Abstract

We study the learning dynamics of self-predictive
learning for reinforcement learning, a family of al-
gorithms that learn representations by minimizing
the prediction error of their own future latent rep-
resentations. Despite its recent empirical success,
such algorithms have an apparent defect: trivial
representations (such as constants) minimize the
prediction error, yet it is obviously undesirable to
converge to such solutions. Our central insight is
that careful designs of the optimization dynamics
are critical to learning meaningful representations.
We identify that a faster paced optimization of
the predictor and semi-gradient updates on the
representation, are crucial to preventing the rep-
resentation collapse. Then in an idealized setup,
we show self-predictive learning dynamics carries
out spectral decomposition on the state transition
matrix, effectively capturing information of the
transition dynamics. Building on the theoretical
insights, we propose bidirectional self-predictive
learning, a novel self-predictive algorithm that
learns two representations simultaneously. We
examine the robustness of our theoretical insights
with a number of small-scale experiments and
showcase the promise of the novel representation
learning algorithm with large-scale experiments.

1. Introduction

Self-prediction is one of the fundamental concepts in re-
inforcement learning (RL). In value-based RL, temporal
difference (TD) learning (Sutton, 1988) uses the value func-
tion prediction at the next time step as the prediction target
for the current time step V(z¢) < R(zt) + vV (2¢41), @
procedure also known as bootstrapping. We can understand
TD-learning as self-prediction specialized to value learning,
where the value function makes predictions about targets
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constructed from itself.

Recently, the idea of self-prediction has been extended
to representation learning with much empirical suc-
cess (Schwarzer et al., 2021; Guo et al., 2020; 2022). In self-
predictive learning, the aim is to learn a representation ¢
jointly with a transition function P which models the transi-
tion of representations in the latent space ®(z;) — P (z441),
by minimizing the prediction error
|P(@(20)) = 2(aea)ll5-

Intuitively, minimizing the prediction error should encour-
age the algorithm to learn a compressed latent representation
®(x) of the state z. However, despite the intuitive construct
of the prediction error, there is no obvious theoretical jus-
tification why minimizing the error leads to meaningful
representations at all. Indeed, the trivial solution ®(z;) = ¢
for any constant vector ¢ minimizes the error but retains
no information at all. Comparing self-predictive learning
with value learning, the key difference lies in that the value
function is grounded in the immediate reward R(z). In
contrast, the prediction error that motivates self-predictive
learning is apparently not grounded in concrete quantities
in the environment.

A number of natural questions ensue: how do we reconcile
the apparent defect of the prediction error objective, with
the empirical success of practical algorithms built on such
an objective? What are the representations obtained by self-
predictive learning, and are they useful for downstream RL?
With obvious theory-practice conflicts in place, it is difficult
to establish self-predictive learning as a principled approach
to representation learning in general.

We present the first attempt at understanding self-predictive
learning for RL, through a theoretical lens. In an idealized
setting, we identify key elements to ensure that the self-
predictive algorithm avoids collapse and learns meaningful
representations. We make the following theoretical and
algorithmic contributions.

Key algorithmic elements to prevent collapse. We iden-
tify two key algorithmic components: (1) the two time-scale
optimization of the transition function P and representation
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®; and (2) the semi-gradient update on ®, to ensure that the
representation maintains its capacity throughout learning
(Section 3). As a result, self-predictive learning dynamics
does not converge to trivial solutions starting from random
initializations.

Self-prediction as spectral decomposition. With a few
idealized assumptions in place, we show that the learning
dynamics locally improves upon a trace objective that char-
acterizes the information that the representations capture
about the transition dynamics (Section 3). Maximizing this
objective corresponds to spectral decomposition on the state
transition matrix. This provides a partial theoretical under-
standing as to why self-predictive learning proves highly
useful in practice.

Bidirectional self-predictive learning. Based on the the-
oretical insights, we derive a novel self-predictive learn-
ing algorithm: bidirectional self-predictive learning (Sec-
tion 5). The new algorithm learns two representations si-
multaneously, based on both a forward prediction and a
backward prediction. Bidrectional self-predictive learning
enjoys more general theoretical guarantees compared to self-
predictive learning, and obtains more consistent and stable
performance as we validate both on tabular and deep RL
experiments (Section 7).

2. Background

Consider a reward-free Markov decision process (MDP)
represented as the tuple (X, A, p,~y) where X is a finite
state space, A the finite action space, p : X x A — P (X)
the transition kernel and « € [0, 1) the discount factor. Let
m: X — P(A) be a fixed policy. For convenience, let
P . X — ZP(X) be the state transition kernel induced
by the policy . We focus on reward-free MDPs instead of
regular MDPs because we do not need reward functions for
the rest of the discussion.

Throughout, we assume tabular state representation where
each state z € X’ is equivalently encoded as a one-hot vector
x € RY. This representation will be critical in establish-
ing results that follow. In general, a representation matrix
® € RI¥I¥F embeds each state = € X as a k-dimensional
real vector ®T'z € R¥. In practice, we tend to have k < |X|
where |X| is the cardinal of X’. The representation is gener-
ally shaped by learning signals such as TD-learning or aux-
iliary objectives. Good representations should entail sharing
information between states, and facilitate downstream tasks
such as policy evaluation or control.

2.1. Self-predictive learning

We introduce a mathematical framework for analyz-
ing self-predictive learning, which seeks to capture the
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Figure 1. A diagram that outlines the conceptual components of
self-predictive learning. The black arrow indicates sampling the
transition y ~ P™(:|z). the blue arrow indicates algorithmic
components of self-predictive learning: predicting the next state
representation ®7 5 from the first state representation ®7 z using
prediction matrix P. In practice as shown in Equation (2), self-
predictive learning stops the gradient on the prediction target.

X

high level properties of its various algorithmic instanti-
ations (Schwarzer et al., 2021; Guo et al., 2020; 2022).
Throughout, assume we have access to state tuples z,y € X
sampled sequentially as follows,

x~dy~ P(|z),

where we use = ~ d to denote sampling the state from a
distribution defined by the probability vector d € RI*!. To
model the transition in the representation space ®7z —
®Ty, we define P € RF*F as the latent prediction ma-
trix. The predicted latent at the next time step from ®7'z is
PT®Tz. The goal is to minimize the reconstruction loss in
the latent space,

min L(®, P) =Fpgypr(fe) [HPT@% _ <I>Ty||ﬂ :
(1

As alluded to earlier, naively optimizing Equation (1) may
lead to trivial solutions such as ®* = 0, which also produces
the optimal objective L(®*, P) = 0. We next discuss how
specific optimization procedures entail learning meaningful
representation ® and prediction function P.

3. Understanding learning dynamics of
self-predictive learning

Assume the algorithm proceeds in discrete iterations ¢t > 0.
In practice, the update of ® follows a semi-gradient update
through L(®, P) by stopping the gradient via the prediction
target &7y

@yt B~ Vo B [| PT8Te —se (#7y)[l}] . @

where sg stands for stop-gradient and n > 0 is a fixed
learning rate. In the expectation, x ~ d,y ~ P7(-|x) unless
otherwise stated.
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Figure 2. Absolute value of the inner product between the two
(normalized) columns of ®, versus the number of iterations, for
different variants of Algorithm 1. Each light curve corresponds to
one of 100 independent runs over randomly generated MDPs, and
the solid curve shows the median over runs. The experiments are
based on the discretized dynamics (Equation (2)) with a small but
finite learning rate.

3.1. Non-collapse property of self-predictive learning

We identified a key condition to ensure that the solution
does not collapse to trivial solutions, that P; be optimized
at a faster pace than ®,. Intriguingly, this condition is com-
patible with a number of empirical observations made in
prior work (e.g., Appendix I of Grill et al., 2020 and Chen
and He, 2021 have both identified the importance of near
optimal predictors). More formally, the prediction function
P, is computed as one optimal solution to the loss function,
fixing the representation ®;,

P, € argminE [|[PTofc - ofyl}] . @)

In practice, the above assumption might be approximately
satisfied by the fact that the prediction function F; is often
parameterized by a smaller neural network (e.g., an MLP
or LSTM) compared to the representation ®; (e.g., a deep
ResNet, Schwarzer et al., 2021; Guo et al., 2020; 2022), and
hence can be optimized at a faster pace even with gradient
descent. The pseudocode for such a self-predictive learning
algorithm is in Algorithm I.

To understand the behavior of the joint updates in Equa-
tions (2) and (3), we propose to consider the behavior of
the corresponding continuous time system. Let¢ > 0 be
the continuous time index, the ordinary differential equation

Algorithm 1 Self-predictive learning.

Representation matrix ®o € RI¥I** for k < | x|
fort=1,2... T do
Compute prediction matrix P; based on Equation (3).
Update representation $; based on Equation (2).
end for
Output final representation ®.

(ODE) systems jointly for (®;, P;) is

P, € arg m};n L(®y, P),

| 4)
b= o, [P0l — ss (@7)]2]

Our theoretical analysis consists in understanding the behav-
ior of the above ODE system. The key result shows that the
learning dynamics in Equation (4) does not lead to collapsed
solutions.

Theorem 1. Under the dynamics in Equation (4), the co-
variance matrix ®7 ®, € R¥** is constant over time.

The representation matrix decomposes into k representation
vectors ®; = [p1¢ -+ Pk], where ¢;; € RY for each
i = 1,...,k. Geometrically, we can visualize (¢; ;)% _;
as forming a basis of a k-dimensional subspace of R*.
Throughout the learning process, all basis vectors rotate
in the same direction, keeping the relative angles between
basis vectors and their lengths unchanged. As a direct im-
plication of the rotation dynamics, it is not possible for
(¢i.+)¥_, to start as different vectors but then converge to
the same vector. That is, the representation cannot collapse.

Corollary 2. Under the dynamics in Equation (4), the rep-
resentation vectors (¢; ;)*_, cannot converge to the same
vector if they are initialized differently.

With the non-collapse behavior established under the dy-
namics in Equation (4), we ask in hindsight what elements
of the algorithm entail such a property. In addition to the
faster paced optimization of the prediction matrix P;, the
semi-gradient update to @, is also indispensable. Our result
above provides a first theoretical justification to the “latent
bootstrapping” technique in the RL case, which has been
effective in empirical studies (Grill et al., 2020; Schwarzer
et al., 2021; Guo et al., 2020). See Section 6 for more dis-
cussions on the relation between our analysis and prior work
in the non-contrastive unsupervised learning algorithms.

We illustrate the importance of the optimality of P, and the
semi-gradient update with an empirical study. We learned
representations with k£ = 2 vectors on randomly generated
MDPs using three baselines: (1) using semi-gradient up-
dates on @, and with optimal predictors P;, which strictly
adheres to Algorithm 1; (2) using the optimal predictors P;
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but replacing the semi-gradient update by a full gradient on
®,, i.e., allowing gradients to flow into <I>Ty; (3) using the
semi-gradient update but corrupting the optimal predictor
with some zero-mean noise at each iteration.

Figure 2 shows the absolute value of the inner product be-
tween the two (normalized) columns of ®, also known as
the cosine similarity, versus the number of iterations.

The matrix @ is initialized to be orthogonal, so we expect the
two columns in ® to remain close to orthogonal throughout
the learning dynamics (Equation (2)) with a small but finite
learning rate 1. Therefore, the larger values the curves take
in Fig. 2, the stronger the evidence of collapse, and indeed as
we claimed, when either semi-gradient or optimal predictor
are removed from the learning algorithm, the representation
columns start to collapse. In practice, having an optimal
predictor is a stringent requirement; we carry out more
extensive ablation study in Section 7. See Appendix G for
more details on the tabular experiments.

Non-collapse property for a general loss function. To
make our analysis simple, we focused on the squared loss
function between the prediction PT®T'z and target ®7y.
We note that the non-collapse property in Theorem 6 holds
more generally for losses of the form L (®, P). Our result
also applies to a slightly modified variant of the cosine
similarity loss, which is more commonly used in practice
(Grill et al., 2020; Chen and He, 2021; Schwarzer et al.,
2021; Guo et al., 2022). See Appendix C for more details.

The non-collapse property shows that the covariance matrix
®T ®,, which measures the level of diversity across represen-
tation vectors (¢¢,t)§:1 is conserved. In the next section, we
will discuss the connection between the learning dynamics
and spectral decomposition on the transition matrix P™. To
facilitate the discussion, we make an idealized assumption
that the representation columns are initialized orthonormal.

Assumption 3. (Orthonormal Initialization) The repre-
sentations are initialized orthonormal: ‘bg‘bo = Ipxk.

Note that the assumption is approximately valid e.g., when
entries of ®( are sampled i.i.d. from an isotropic distribu-
tion and properly scaled, and when the state space is large
relative to the representation dimension k < |X] (see, e.g.,
(Gonzalez-Guillén et al., 2018) as a related reference). This
is the case if the representation capacity is smaller than the
state space (e.g., small network vs. complex image observa-
tion).

3.2. Self-predictive learning as eigenvector
decomposition

For simplicity, henceforth, we assume a uniform distribu-
tion over the first-state. This assumption is made implicitly
in a number of prior work on TD-learning or representa-

tion learning for RL (Parr et al., 2008; Song et al., 2016;
Behzadian et al., 2019; Lyle et al., 2021).

Assumption 4. (Uniform distribution) The first-state dis-
tribution is uniform: d = [X|7'1 /.

For the rest of the paper, we always assume Assumption 3
and Assumption 4 to hold. As a result, the learning dynam-
ics in Equation (4) reduces to the following:

P, =0l P"®,, &= (I—-0,8]) P 0, (P)" (5

We provide detailed derivations of the ODE in Appendix A.

Remarks. As a sanity check and a special case, assume
the representation matrix is the identity ®, = I, in which
case ®'x = x recovers the tabular representation. In this
case we have P, = P™ and the latent prediction recovers
the original state transition matrix.

A useful property of the above dynamical system is the
set of critical points where ®; = 0. Below we provide a
characterization of such critical points.

Lemma 5. Assume P™ is real diagonalizable and let
(uz)llfl1 be its set of |X| distinct eigenvectors. Let Cp~ be
the set of critical points of Equation (5). Then Cp~ contains
all matrices whose columns are orthonormal, and have the
same span as a set of k eigenvectors.

Remarks on the critical points. Lemma 5 implies that
when P7 only has eigenvectors, any matrix consisting of a
subset of k eigenvectors (u;, );?:1 (as well as any set of k
orthonormal columns with the same span) is a critical point
to the self-predictive dynamics in Equation (5). However,
this does not mean that Cp~ only consists of such critical
points. As a simple example, consider the transition matrix
(6)

pr_ [0.1 0.9}

0.9 01

and when £ = 1, in which case ®; is a 2-d vector. In
addition to the two eigenvectors of P”, there are at least
four other non-eigenvector critical points (shown in Fig. 3).
See Appendix D for more detailed derivations. We leave
a more comprehensive study of such critical points in the
general case to future work. When P™ has complex eigen-
vectors, the structure of the critical points to Equation (5)
also becomes more complicated.

Importantly, under the assumption in Lemma 5, not all crit-
ical points are equally informative. Arguably, the top k
eigenvectors of P™ with the largest absolute valued eigen-
values, should contain the most information about the matrix
because they reflect the high variance directions in the one-
step transition. This is the motivation behind compression
algorithms such as PCA. We now show that when P™ is
symmetric, intriguingly, the learning dynamics maximizes a
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Figure 3. Critical points and local dynamics of the example MDP
in Equation (6). We consider £ = 1 so representations ®; are
2-d unit vectors. There are four eigenvector critical points (light
and dark blue) and four non-eigenvector critical points (red) of the
ODE, shown on the unit circle. The black arrows show the local up-
date direction based on the ODE. Initialized near the bottom eigen-
vector, the dynamics converges to one of the four non-eigenvector
critical points and not to the top eigenvector. See Appendix D for
more detailed explanations.

trace objective that measures the variance information con-
tained in P7, and that this objective is maximized by the
top k eigenvectors.

Theorem 6. If P™ is symmetric, then under Assumption 3
and learning dynamics Equation (5), the trace objective is
non-decreasing f > 0, where

J (@) = Trace (@] P"@,)" (@] P™@,) ).

If &; ¢ Cp~, then f > 0. Under the constraint 7 = T,
the maximizer to f(®) is any set of k orthonormal vectors
which span the principal subspace, i.e., with the same span
as the k eigenvectors of P™ with top absolute eigenvalues.

To see that the trace objective f measures useful information
contained in P™, for now let us constrain the arguments to f
to be the set of & eigenvectors (u;; )"7?:1 of P™. In this case,
[y ug,]) = E?Zl )\i is the sum of the corresponding
squared eigenvalues. This implies f is a useful measure on
the spectral information contained in P7.

Theorem 6 also shows that as long as ®; is not at a stationary
point contained in Cp~, the trace objective f(®;) makes
strict improvement over time. Equivalently, this means ®;
has the tendency to move towards representations with high
trace objective, e.g., subspaces of eigenvectors with high
trace objective. In other words, we can understand the
dynamics of ®; as principal subspace PCA on the transition
matrix.

Remarks on the convergence. Thus far, there is no guar-
antee that ®, converges to the top k eigenvectors as in gen-
eral there is a chance that the dynamics converges other crit-
ical points. We revisit the simple example in Equation (6),
where in Fig. 3 we mark all critical points on the unit circle
(four eigenvector and four non-eigenvector critical points).
When initialized near the bottom eigenvector, the dynam-
ics converges to one of the non-eigenvector critical points
instead of the top eigenvector.

Nevertheless, the local improvement property of the learning
dynamics can be very valuable in large-scale environments.
We leave a more refined study on the convergence properties
of self-predictive learning dynamics to future work.

Remarks on the case with non-symmetric P™. Theo-
rem 6 is obtained under the idealized assumption that P™
is symmetric. In general, when P™ is non-symmetric, the
improvement in the trace objective f(®;) is not necessar-
ily monotonic. In fact, it is possible to find instances of
®, where the dynamics decreases the trace objective f. A
plausible explanation is that since the dynamics of ®; can
be understood as gradient-ascent based PCA on P7, the
PCA objective is only well defined when the data matrix
P7™ is symmetric. Motivated by the limitation of the self-
predictive learning and its connection to PCA, we propose
a novel self-predictive algorithm with two representations.
We will introduce such a method in Section 5 and reveal
how it generalizes self-predictive learning to carrying out
SVD instead of PCA on P™.

Before moving on, we empirically assess how much impact
that the level of symmetry of P™ has on the trace maximiza-
tion property. We carried out simulations on 100 randomly
generated tabular MDPs, by unrolling the exact ODE dy-
namics in Equation (4) and measured the evolution of the
trace objective f, = Trace ((®{ P™®,)" ® P"®,). Fig-
ure 4 shows the ratio between the trace objective f; and the
the value of the objective for the top k eigenvectors of P™,
versus the number of training iterations ¢.

Fig. 4 shows that when P™ is symmetric, the trace objective
smoothly improves over time, as predicted by theory. When
P™ is non-symmetric, the improvement in trace objective is
not guaranteed to be monotonic and, indeed, this is the case
for some runs. However in our experiments, over time, the
objective improved by a large margin compared to initial-
ization, though not necessarily converging to the maximum
possible values. The numerical evidence shows that the
learning dynamics can still capture useful information about
the transition dynamics for certain non-symmetric MDPs. It
is, however, possible to design non-symmetric P” on which
self-predictive dynamics barely increases the trace objective
(see Section 5). Appendix G contains additional results and
more details about the experiment details.
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Figure 4. Ratio between the trace objective f: =

Trace (@7 P"®,)" ®/ P"®,) and the value of the objec-
tive for the top k eigenvectors of P™, versus the number of
training iterations. Each light curve corresponds to one of 100
independent runs over randomly generated MDPs, and the solid
curve shows the median over runs. The experiments are based on
the exact ODE dynamics in Equation (5).

4. Extensions of the theoretical analysis

We have chosen to analyze the learning dynamics under
arguably the simplest possible model setup. This helps elu-
cidate important features about the self-predictive learning
dynamics, but also leaves room for extensions. We discuss
a few possibilities.

Additional prediction function. Practical algorithms
such as SPR (Schwarzer et al., 2021) and BYOL-RL (the
representation learning component of BYOL-Explore (Guo
et al., 2022)) usually employ an additional prediction func-
tion, on top of the prediction function P which models the
latent transition dynamics. In our framework, this can be
modeled as an additional prediction matrix @ € R*** with
the overall loss function as follows

E[[Q7PTeTs — oTy||;] .

The roles of P and () are different. P is meant to model
the latent transition dynamics, while @) provides extra de-
grees of freedom to match the predicted latent Q7 PT®Tz
to the next state representation ®7'y. Though such a combi-
nation of @), P seems redundant at the first sight, the extra
flexibility entailed by the additional prediction proves very
important in practice () is usually implemented as a MLP
on top of the output of P, which is implemented as a LSTM
(Schwarzer et al., 2021; Guo et al., 2020)). Our theoretical

result can be extended to this case by treating the composed
matrix P as a whole during optimization, to ensure the
non-collapse of ®.

Multi-step and action-conditional latent prediction. In
practice, making multi-step predictions significantly im-
proves the performance (Schwarzer et al., 2021; Guo et al.,
2020; 2022). In our framework, this can be understood as
the loss function

Eq o (P)" (o) {HPT@T% - ‘PT%H;} :

In this case, our result in Section 3 suggests that the self-
prediction carries out spectral decomposition on the n-step
transition (P™)". Another important practical component is
that latent transition models are usually action-conditional.
In the one-step case, this can be understood as parameteriz-
ing multiple prediction matrices and representation matrices
(P, ®4)aca and . The loss function naturally becomes

EanP“(<|a:0,a),a~7r(~|mo) |:HPaT(I)Z*TO - (I)Z;xnuz} .

The latent prediction matrix P, and representation ¢, ef-
fectively carry out spectral decomposition on the Markov
matrix P™«, which is the transition matrix of policy 7, that
takes action a in all states.

Partial observability. In many practical applications, the
environment is better modeled as a partially observable
MDP (POMDP; (Cassandra et al., 1994)). As a simplified
setup, consider at time ¢ the agent has access to the current
history h; = (0s),~, € H which consists of observations
0s € O in past time steps. Fixing the agent’s policy 7 :
H — P(A), let P™(h'|h) denote the distribution over the
next observed history h’ given h. Drawing direct analogy to
the MDP case, one possible loss function is

Eps () [HPT‘I’Th - @Th'Hi] :

In practice, ® € RI*!¥¥ s often implemented as a recurrent
function such as LSTM (see, e.g., BYOL-RL (Guo et al.,
2020) as one possible implementation and find its details in
Appendix E), to avoid the explosion in the size of the set of
all histories ||. Under certain conditions, our analysis can
be extended to spectral decomposition on the history tran-
sition matrix P™(h'|h). However, given recent empirical
advances achieved by self-predictive learning algorithm in
partially observable environments (Guo et al., 2022), poten-
tially a more refined analysis is valuable in better bridging
the theory-practice gap in the POMDP case.

Finite learning rate and other factors. Our analysis and
result heavily rely on the assumption of continuous time dy-
namics. In practice, updates are carried out on discrete time
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Algorithm 2 Bidirectional self-predictive learning.

Representation matrix ®o®, € RIY** for k < |X|
fort=1,2...T do
Compute optimal forward and backward prediction
matrix (P, ]525) based on Equation (8).
Update representations (®;, ®,) based on Equation (7).
end for
Output final representation (&, Br).

steps with a finite learning rate. Through experiments, we
observe that representations tend to partially collapse when
learning rates are finite, though they still manage to capture
spectral information about the transition matrix. We also
study the impact of other factors such as non-optimal pre-
diction matrix and delayed target network, see Appendix G
for such ablation study. Formalizing such results in theory
would be an interesting future direction.

5. Bidirectional self-predictive learning with
left and right representations

Thus far, we have established a few important properties of
the self-predictive learning dynamics. However, we have
alluded to the fact that self-predictive learning dynamics can
ill-behave in certain cases.

With insights derived from previous sections, we now intro-
duce a novel self-predictive learning algorithm that makes
use of two representations ®;, &, € RI¥I** and two latent
prediction matrices P, P € R**k_We refer to ®, as the left
representation and P, the right representation, for reasons
that will be clear shortly. With ®,, we make forward predic-
tion through P, using prediction target computed from By
with ®,, we make backward prediction through P, using
prediction target computed from ®;. Both representations
follow semi-gradient updates:

- 2
Doy ¢ B, — Ve, E U PToTs —sg (@tTy) H } ,
2
i i o ) @)
Q41— 0 — 1V, E [HPth)tTy —sg (<1>th) HQ] .

Similar to the analysis before, we assume F;, P, are op-
timally adapted to the representations, by exactly solving
the forward and backward least square prediction problems.
This is a key requirement to ensure non-collapse in the new
learning dynamics (similar to the self-predictive dynam-
ics in Equation (5)). The pseudocode for the bidirectional
self-predictive learning algorithm is in Algorithm 2.

For notational simplicity, we denote the forward and back-
ward prediction losses as L¢(®, P) and Ly, (P, P) respec-
tively. The continuous time ODE system for the joint vari-

able (P, P,, ®;, ®,) is
P, € arg m};n L¢(®y, P),

i - 2
[pras s (@) ]

P, € argmin Ly,(®;, P),
P

('bt == —Vq>tE
®)

b, =-Vy E

HPTéTy —sg (@Tx) Hz] .

Similar to Theorem 1, the non-collapse property for both
the left and right representations follows.

Theorem 7. Under the bidirectional self-predictive learning
dynamics ir} Ecluation (8), the covariance matrices @f P, €
R**k and &7 &, € R*** are both constant matrices over
time.

As before, to simplify the presentation, we make the assump-
tion that both left and right representations are initialized
orthonormal (cf. Assumption 3):

Assumption 8. (Orthonormal Initialization) The left
and right representations are both initialized orthonormal
Ol dy = 0T Dy = I}

5.1. Bidirectional self-predictive learning as singular
value decomposition

In self-predictive learning, the forward prediction derives
from the fact that the forward process x — y follows from
a Markov chain. Following a similar argument, for the back-
ward prediction to be sensible, we need to ensure that the
reverse process y — x is also a Markov chain. Technically,
this means we require (P’T)T to be a transition matrix too,
which models the backward transition process. Importantly,
this is a much weaker assumption than P™ be symmetric,
as required by the self-predictive learning dynamics (Theo-
rem 0).

Assumption 9. P™ is a doubly stochastic matrix, i.e.,
T - ... .
(P™)" is also a transition matrix.

Under assumptions above, the learning dynamics in Equa-
tion (8) reduces to the following set of ODEs:

P, =3 P"d,, &y = (I - 3,9]) P™0,(P)7”
B =8F (P @, & = (1= ®8]) (P")" @,(P)"
9

Let P™ = UXV7 be the singular value decomposition
(SVD) of P™, where ¥ = diag(cy, 02...0|x|) is a diagonal
matrix with non-negative diagonal entries. We call any ¢-th
column of U and V, denoted as (u;,v;), a singular vector
pair. As before, we start by examining the critical points of
the bidirectional self-predictive dynamics.
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Lemma 10. Let Cpr C RIFIXE x RIXIXK pe the set of
critical points to Equation (9). Then Cp~ contains any pair
of matrices, whose columns are orthonormal and have the
same span as k of singular vector pairs.

Lemma 10 implies that any & pairs of SVD vectors are a
critical point to the learning dynamics. However, similar to
the self-predictive learning dynamics, not all critical points
are equally informative. We propose a SVD trace objec-
tive f (Dy, <i>t), which measures the information contained
in k singular vector pairs. Interestingly, the bidirectional
self-predictive learning dynamics locally improves such an
objective.

Theorem 11. Under Assumption 8 and the learning dynam-
ics in Equation (9), the following SVD trace objective is

non-decreasing f > 0, where
f(@héO::Thme((@fP”éOT<¢?P”@O).

If (®;,®;) ¢ Cpr, then f > 0. Under the constraint
d7d = ®T® = I, the maximizer to f(®, P) is any two
sets of k orthonormal vectors with the same span as the k
singular vector pairs of P™ with top singular values.

To verify that the SVD trace objective f provides an infor-
mation measure on the representation vectors (P, <~I>t), we
constrain arguments of ftobe the set of k singular vector
pairs (u;;, v;;)5_ of P™, then f ([ug,...u;,], [vi,...v3,]) =
Z§:1 ofj is the sum of the corresponding squared singular
values. The top k singular vector pairs maximize this ob-
jective, and hence contain the most information about P™
based on this measure.

Theorem 11 shows that as long as either one of the two
representations are not at the critical points, i.e., ®, # 0or
®, £ 0, the SVD trace objective f(®;, ;) is being strictly
improved under the bidirectional self-predictive learning
dynamics. Equivalently, this implies the left and right rep-
resentations (P, <i>t) tend to move towards singular vector
pairs with high SVD trace objective, i.e., seeking more in-
formation about the transition dynamics.

Two representations vs. one representation. Looking
beyond the ODE analysis, we explain why having two sepa-
rate representations are inherently important for represen-
tation learning in general. For a transition matrix P™, its
left and right singular vectors in general differ. bidirectional
self-predictive learning provides the flexibility to learn both
left and right singular vectors in parallel, without having
to compromise their differences. On the other hand, a sin-
gle representation will need to interpolate between left and
right singular vectors, which may lead to non-monotonic
behavior in the trace objective as alluded to earlier.
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Figure 5. Ratio between the trace objectives (f; in red for self-
predictive learning, following Equation (4); and ft in blue for
bidirectional self-predictive learning, following Equation (8)) and
the value of f for the top k singular vector pairs of P™, versus the
number of training iterations. Each light curve corresponds to one
of 100 independent runs over random orthonormal initializations
of ® on the same MDP designed so that the left and right singular
vectors of P™ are very different. The solid curve shows the median
over runs.

Consider a very simple transition matrix with |X'| = 3 states
that illustrate the failure mode of the self-predictive learning
dynamics with a single representation,

0 1/2 1/2
P =10 1/2 1/2
1 0 0

By construction, its top left and right singular vectors differ
greatly. We simulated the self-predictive learning dynamics
(with a single representation, Equation (4)) and the bidi-
rectional self-predictive learning dynamics (Equation (8))
in an MDP with this transition matrix, and measured the
evolution of the two trace objectives, f; and fi. Figure 5
shows the ratio between the trace objectives and maximum
value of f obtained at the top k singular vector pairs, ver-
sus the number of training iterations ¢. The bidirectional
self-predictive learning improves the objective steadily over
time. In contrast, the single representation dynamics mostly
halt at the initialized value, due to the limited capacity of
one representation to combine two highly distinct singular
vectors. See more details in Appendix F.

In addition to the improved stability shown in the example
above, bidirectional self-predictive learning also captures
more comprehensive information about the transition dy-
namics, compared to a single representation. While it is
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known that left singular vectors of P™ can approximate
value functions V'™ with provably low errors for general
transition matrix (Behzadian et al., 2019), it is challenging
to learn the left singular vectors as standalone objects. Bidi-
rectional self-predictive learning captures both left and right
representations at the same time, entailing a better approxi-
mation to both left and right top singular vectors. In large-
scale experiments, since bidirectional self-predictive learn-
ing consists of both forward and backward predictions, it can
provide richer signals for representation learning when com-
bined with nonlinear function approximation (Section 7).

6. Prior Work

Non-collapse mechanism of self-predictive learning dy-
namics. Self-prediction based RL representation learning
algorithms were partly inspired from the non-contrastive
unsupervised learning algorithm (Grill et al., 2020; Chen
and He, 2021). A number of prior work attempt to un-
derstand the non-collapse learning dynamics of such al-
gorithms, through the roles of semi-gradient and regular-
ization (Tian et al., 2021), prediction head (Wen and Li,
2022) and data augmentation (Wang et al., 2021). Although
our analysis is specialized to the RL case, the non-collapse
mechanism (Theorem 6) is qualitatively different from prior
work. Such a result is potentially useful in understanding
the behavior of unsupervised learning as well.

RL representation learning via spectral decomposition.
One primary line of research in representation learning for
RL is via spectral decomposition of the transition matrix
P7 or successor matrix (I —yP™)~!. These methods are
generally categorized as: (1) eigenvector-decomposition
based approach, which typically assumes symmetry or real
diagonizability of P™ (Mahadevan, 2005; Machado et al.,
2018; Lyle et al., 2021); (2) SVD-based approach, which
is more generally applicable (Behzadian et al., 2019; Ren
et al., 2022) and shows theoretical benefits to downstream
RL tasks. Our work draws the connections between spectral
decomposition and more empirically oriented RL algorithm,
such as SPR (Schwarzer et al., 2021), PBL (Guo et al.,
2020) and BYOL-RL (Guo et al., 2022), and is one step
in the direction of formally chracterizing high performing
representation learning algorithms.

Forward-backward representations. Closely related
to bidirectional self-predictive learning is the forward-
backward (FB) representations (Touati and Ollivier, 2021;
Blier et al., 2021). By design, the forward representation
learns value functions and backward representation learns
visitation distributions. This design bears close connections
to the left and right singular vectors of the transition matrix
P™, which bidirectional self-predictive learning seeks to ap-
proximate. Despite the high level connection, bidirectional

self-predictive learning is purely based on self-prediction,
and hence has much simpler algorithmic design.

Algorithms for PCA and SVD with gradient-based up-
date. The ODE systems in Equations (5) and (8) bear
close connections to ODE systems used for studying
gradient-based incremental algorithms for PCA and SVD
of empirical covariance matrices in classical unsupervised
learning. Example algorithms include Oja’s subspace algo-
rithm (Oja and Karhunen, 1985; Oja, 1992) and its exten-
sion to SVD (Diamantaras and Kung, 1996; Weingessel and
Hornik, 1997). A primary historical motivation for such
algorithms is that they entail computing top k eigenvectors
or singular vectors with incremental gradient-based updates.
This echoes with the observation we make in this paper,
that self-predictive learning dynamics can be understood
as gradient-based spectral decomposition on the transition
matrix.

7. Deep RL implementation

We considered the single representation self-predictive learn-
ing dynamics as an idealized theoretical framework that
aims to capture some essential aspects of a number of exist-
ing deep RL representation learning algorithms (Schwarzer
etal.,, 2021; Guo et al., 2020). Importantly, our theoretical
analysis suggests that we can get more expressive repre-
sentations by leveraging the bidirectional self-predictive
learning dynamics in Section 5.

Inspired by the theoretical discussions, we introduce the
deep bidirectional self-predictive learning algorithm for
representation learning for deep RL. We build the deep
bidirectional self-predictive learning algorithm on top of
the representation learning used in BYOL-Explore (Guo
et al., 2022). While BYOL-Explore uses the prediction
loss as a signal to drive exploration, we do not use such
exploration bonuses in this work and focus only on the
effect of representation learning.

We now provide a concise summary of how BYOL-
RL works and how it is adapted for bidirectional self-
predictive learning. In general partially observable envi-
ronments, BYOL-RL encodes a history of observations
hi = (f(0s))s<: into its latent representation ®(h;) € R*
through a convnet f : @ — RF and a LSTM. Then,
the algorithm constructs a multi-step forward prediction
p(®(ht), at:t4n—1)) With an open loop LSTM p : R* x
(A" — R? This forward prediction is against a back-
up target computed at the n-step forward future time step
f(0¢xn). The bidirectional self-predictive learning algo-
rithm hints at a backward latent self-prediction objective,
i.e., predicting the past latent observations based on future
representations. In a nutshell, for deep bidirectional self-
predictive learning, we implement the backward prediction
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in the same way as forward prediction, but with a reversed
time axis. See Appendix E for more technical details on
BYOL-RL and how it is adapted for backward predictions.

A related but different idea has been adopted in PBL (Guo
et al., 2019), where they propose a reverse prediction that
matches f(0;,) for some function f : © — R¥ against
the encoded representation ®(h;,,). The design of PBL
is motivated by partial observability, and does not carry
out backward predictions over time. See Appendix E for
details on PBL and how it differs significantly from deep
bidirectional self-predictive learning.

7.1. Experiments

We compare the deep bidirectional self-predictive learning
algorithm with BYOL-RL (Guo et al., 2020). BYOL-RL
is built on V-MPO (Song et al., 2020), an actor-critic algo-
rithm which shapes the representation using policy gradient,
without explicit representation learning objectives.

Our testbed is DMLab-30, a collection of 30 diverse partially
observable cognitive tasks in the 3D DeepMind Lab (Beat-
tie et al., 2016). We consider the multi-task setup where
the agent is required to solve all 30 tasks simultaneously.
Representation learning has proved highly valuable in such
a setting (Guo et al., 2019). See Fig. 11 in Appendix G
for results on how BYOL-RL significantly improves over
baseline RL algorithm per each game.

In Fig. 6, we show the per-game improvement of deep bidi-
rectional self-predictive learning over BYOL-RL. In aggre-
gate across all 30 tasks, the two algorithms perform com-
parably as they either under-perform or over-perform each
other in a similar number of games. We measure the perfor-
mance of each task with the human normalized performance
(zi —u;)/(h; —u;) with 1 < ¢ < 30, where u; and h; are
the raw score performance of random policy and humans. A
normalized score of 1 indicates that the agent performs as
well as humans on the task. Interestingly, there are a num-
ber of tasks on which backward predictions significantly
improve over the baseline by as much as 0.4 human nor-
malized score. This comparison shows the promise of the
deep bidirectional self-predictive learning algorithm when
combined with deep RL agents.

8. Conclusion

In this work, we have presented a new way to understand
the learning dynamics of self-predictive learning for RL.
By identifying key algorithmic components to guarantee
non-collapse, and drawing close connections between self-
prediction and spectral decomposition of the transition dy-
namics, we have provided a first justification to the practical
efficacy of a few empirically motivated algorithms. Our
insights also naturally led to a novel representation learn-

0.2
. --lll“l“lll|‘

Improvement in human normalized scores

Figure 6. Per-game improvement of bidirectional self-predictive
learning compared to baseline BYOL-RL, in terms of mean human
normalized scores averaged across 3 seeds. The scores are ob-
tained at the end of training. Bidirectional self-predictive learning
provides noticeable gains over BYOL-RL in certain cases, while it
degrades performance in some others. See Appendix G for details.

ing algorithm, which mirrors SVD-based algorithms and
enjoys more flexibility than self-prediction with a single
representation. A deep RL instantiation of the algorithm
has also proved empirically comparable to state-of-the-art
performance.

Our results open up many interesting avenues for future
research. A few examples: in hindsight, many assumption
are due to the limitations of linear models; it will be of
significant interest to study non-linear latent predictions and
representations. Another interesting direction would be to
study how self-prediction interacts with RL algorithms, such
as TD-learning or policy gradient algorithms. Lastly, our
analysis also provides insights to the unsupervised learning
case, and hopefully motivates more investigation along this
direction in the space.
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APPENDICES: Understanding Self-Predictive Learning for Reinforcement Learning
A. Detailed derivations of ODE systems

We provide a derivation of the ODE systems in Equations (5) and (9) below. We start with a few useful facts: recall that
x ~ d,y ~ P7(-|x) are one-hot encoding of states. Let D be a diagonal matrix with d its diagonal entries D;; = d;,V1 <
i < |X|. Then, we have the following properties:
E [z2"] = D,E [zy"] = DP".
A.1. Equation (5) for self-predictive learning
Starting with Equation (4), the first-order optimality condition for P; can be made more explicit
(O} E [z2"] &) P, = @] E [zy"] & = (®{ D®;) P, = & DP™®,.

We can expand the dynamics for @, as follows,

&, = (D~ Do, (27D2,) " @ D) P (P

Under Assumptions 3 and 4, the above dynamics simplifies into
P, =3 P"d,, & = (I - &,0]) Pmd,(P,)7",
which is the ODE system in Equation (5).

A.2. Equation (9) for bidirectional self-predictive learning

Since the bidirectional self-predictive learning dynamics introduces least square regression from y to =, we need to calculate
expectations such as E[yy”] and E[yxT]. In general, it is challenging to express E[yy”] as a function of D and P™. When
D is identity (Assumption 4) and when P™ is doubly-stochastic (Assumption 9), we have D as a stationary distribution of
P™ and hence E[yy”] = D and

E [y2"] = E [(2y")"] = (Elzy"))" = (DP™)" = (P")" D.
From Equation (7), we can make explicit the form of the prediction matrix
(®7E [z2"] @) P, = ®]E [2y"] &, = (2] D) P = ] DP™dy,
((i)tT]E yy"] &)t) P, = OTE [y2"] &, = (é{D@t) B = &7 (P")T D&,
Next, we can expand the dynamics of ®; and (i>t as follows
b, = (D — D&, (37 D®,) " <I>tTD) P7,(P)T
&, = <D — D&, (ciTDét)_l éfD) D1 (P Do, (P)T.
pr

Interestingly, P7 is also a Markov transition matrix that corresponds to the reverse Markov chain. Finally, plugging into
D = I (Assumption 4) and thanks to Assumption 8, we recover the dynamics in Equation (9)

d, = (I — 0,0]) P"®y(P)"
L= (1 - &)ti{) (P ®,(P,)T.

o
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A.3. Equivalence between assumptions in deriving Equation (9)

Now we provide a discussion on the equivalence between assumptions in deriving the ODE for bidirectional self-predictive
learning dynamics. An alternative assumption to Assumption 9 is

Assumption 12. Given the sampling process « ~ d,y ~ P™(-|z), the marginal distribution over next state y is uniform.

Our claim is that given the uniformity assumption on the first-state distribution Assumption 4, Assumption 9 and As-
sumption 12 are equivalent. To see why, given Assumption 9, it is straightforward to see that uniform distribution is a
stationary distribution to P™. Starting from the first-state distribution, which is uniform, the next-state distribution is also
uniform, which proves the condition in Assumption 12. Now, given Assumption 12, we conclude the uniform distribution
u=|X |*11| x| 1s a stationary distribution to P”. By definition of the stationary distribution, this means

uTP™ = .

The above implies that each column of P™ sums to 1, and so P™ is doubly-stochastic (Assumption 9).

B. Proof of theoretical results
Theorem 1. Under the dynamics in Equation (4), the covariance matrix ®7 ®; € R*** is constant over time.
Proof. Under the dynamics in Equation (4), the prediction matrix P; optimally minimizes the loss function L(®;, P;) given

the representation ®;. Let A, = &, P, € RI¥IXE be the matrix product. The chain rule combined with the first-order
optimality condition on P; implies

Ve, L(®, P) = ®10,, L(®;, P;) = 0. (10)

On the other hand, the semi-gradient update for ®, can be written as

. 2
Py = —Vo,Erndy~pr(|z) [HPtT‘I’?fU —sg (®/y) HQ} = =04, L(®, P)(P)".
Thanks to Equation (10), we have
oT'd, = —0T9,,L(dy, P)(P)T =0.

Then, taking time derivative on the covariance matrix

d T =T T & T & T T &
= (@7 2) = b0+ @] &, = (<I>t<I>t> +07¢, =0,

which implies that the covariance matrix is constant. O

Corollary 2. Under the dynamics in Equation (4), the representation vectors (¢; ;)*_, cannot converge to the same vector
if they are initialized differently.

Proof. Take any two representation vectors ¢, ; and ¢; ; with ¢ # j, which at initialization are different. This implies the
cosine similarity (¢;, 0, ¢;0) 7 1. Since under the dynamics in Equation (4), the covariance matrix ®T ®, is preserved, this
means ¢; ,¢; ¢, ¢ ,$1, and ¢}, ¢; 4 are all constants over time, which implies

<¢i,t7¢j,t> = <¢i,07¢j,0> # 1.

This means the two vectors cannot be aligned along the same direction for all time ¢ > 0. O
Lemma 5. Assume PT™ is real diagonalizable and let (ui)‘fj1 be its set of | X'| distinct eigenvectors. Let Cp~ be the set of
critical points of Equation (5). Then Cp~ contains all matrices whose columns are orthonormal, and have the same span as a
set of k eigenvectors.
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Proof. Without loss of generality, consider the subset of first k right eigenvectors U = (u;...uy). Then P™U = UA for
some diagonal matrix A = diag(A;...\;), where \; is the eigenvalue corresponding to u;.

If &, = U, then
&, =T -vUhP UP) = (I -UUTYUAU(P)T =0.
Next, for any set of k& orthonormal vectors with the same span as U, we can write them as U’ = U@ for some orthogonal
matrix Q € R¥** If &, = U’ = UQ, then
b, = (1-UQQTU)PTUQ(P)" = (I -UUTUAUQ(P,)" =0,
which concludes the proof. O

Theorem 6. If P™ is symmetric, then under Assumption 3 and learning dynamics Equation (5), the trace objective is
non-decreasing f > 0, where

J (@) = Trace (0 P™@,)" (@] P"@,)).

If &, ¢ Cpx, then f > 0. Under the constraint ®7® = I, the maximizer to f(®) is any set of & orthonormal vectors which
span the principal subspace, i.e., with the same span as the k eigenvectors of P™ with top absolute eigenvalues.

Proof. We first show that the objective is non-decreasing. We calculate

%f(@t) — 4 - Trace ((@ZP”@)T @Z“P”@t)
=(a) 4 - Trace (P,®{ P™ (I — ®,®]) P"®,P")
—y 4+ Trace ((P"®,PT)" (I - 0,0]) Pr®,PT ),

where (a) follows from P; = <I)tTP7r ®,; (b) follows from the fact that P™ is symmetric and as a result P; is symmetric. Now,
let A, = P”q)tPtT and denote its column vectors as A; = [ay ¢...a+]. The above derivative rewrites as

k
43 af, (1 - 2,9]) ais.
i=1

We remind that a projection matrix M satisfies M2 = M and M” = M and corresponds to an orthogonal projection onto
certain subspace. Since I — <I>t<I>tT is a projection matrix, we have a{t (I — <I>t<I>tT) a;y > 0 forany a;; € R*. Hence
% f(®,) > 0. Now, if ®, ¢ Cp~, this means there exists certain columns a; ; of A, such that a; ; ¢ span(®,). This means
al, (I —®:®])a;; > 0and therefore f > 0.

Finally, we examine the maximizer to f(®) under the constraint ®TPH = I, 1. Since DT PP is symmetric, there exists an
orthogonal matrix () such that

QTdTP™dQ = A,
for some diagonal matrix A. Note that since ((I)Q)T@Q = I «, it is equivalent to consider the optimization problem under

a stronger constraint TP = I, and DT P™® = A for some diagonal matrix A. Therefore, the optimization problem
becomes

k
max E Ai
PTS=I s, BT PTH=A
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Let ® = [¢1, ...¢x] with column vectors ¢; € RI¥l forall 1 < i < k, then we have the equivalent optimization problem

Mw

max

k
T T 2
P4;)? < P™é:
- SO D) C ¢i)" <(a) max AZH ill5

@Tq)zlkxk,éTP"' =
i=1

= max Z¢>T PO P,

BT =TIy g, dT PTO=A

Here, (a) follows from the fact that ¢; is a unit-length vector and the application of the inequality a”b < ||al|, |||, It is
straightforward to see that the optimal solution to the last optimization problem is the set of eigenvectors of P™ with top
squared eigenvalues. Hence,

k
d) < A2
@T{gjﬁxkf( )_; ;

On the other hand, the k eigenvectors of P™ with top k absolute eigenvalues is a feasible solution and therefore
maxere—r,,, f(®) > Zle AZ. The above implies maxgra—y, ,, f(P) = Zle A2, and the k eigenvectors of P™
with top k absolute eigenvalues is a maximizer to the constrained optimization problem. It is then also clear that any &
orthonormal vectors with the same span as the top k eigenvectors also achieves the maximum objective. O

Theorem 7. Under the bidirectional self-predictive learning dynamics in Equation (8), the covariance matrices ®7 ®; €

R¥*k and ®T ®; € R*** are both constant matrices over time.

Proof. We consider the forward and backward loss function separately. Following the arguments in the proof of Theorem 1,
we see that since P; is computed as the optimal solution to L¢ (P, @), it satisfies the first-order optimality condition and as
a result, <I>T<I>t = 0. This implies ® ®; is a constant matrix over time. Applying the same set of arguments to the backward
loss function Lb(<I>t, Pt) we conclude <I>T<I>t is also a constant matrix over time. O

Lemma 10. Let Cp- C RIXIXF x RI¥IXE pe the set of critical points to Equation (9). Then Cp~ contains any pair of

matrices, whose columns are orthonormal and have the same span as & of singular vector pairs.

Proof. Without loss of generality, consider the subset of & top singular vector pairs U = (uj...u),V = (v1...vx). By
construction, they satisfy the equality P*V = UY and (P™)" U = VX where & = diag(c...0%) is the diagonal matrix
with corresponding singular values.

Setting ¢, = U, &)t =V, we first verify the critical conditions for <i>t =0, Cft =0:
(I — &0 P"d,(P)" = (1 —vUDY P VVT (P U =,y (I - UUT) U2 = 0.
(I—837) (P &,(P)" = (I - VVE) (PO UUTP™V =) (I - VVT)VE? = 0.

Here, (a) and (b) both follow from the property of the singular vector pairs. The above indicates that any k singular vector
pairs constitute a member of Cpr.

Any orthonormal vectors with the same vector span as U, V' can be expressed as UQ, V R for some orthogonal matrix
Q,R € R¥*k Let U’ = UQ, V' = VR, we verify the critical conditions when &, = U’, &, = V’,

(I =0, @) P, (P)" = (I -U'U")") PV (V) (PT)" U =) (I -UUTUS?Q = 0.
(I —&07)(P™)" &,(P)" = (1 - V' (V)T) (P U (U PV’ =4 (I - VVT)VE2R =0,

where (a) and (b) follow from straightforward matrix operations. We have hence verified that any orthonormal vectors with
the same vector span as any subset of k singular vector pairs constitute a critical point. [

Theorem 11. Under Assumption 8 and the learning dynamics in Equation (9), the following SVD trace objective is

7 (<I>t, i%) .= Trace <(q>tTP”<i>t)T (fI)tTP“i)t)) .

non-decreasing f > 0, where
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If (®;,®;) ¢ Cpr, then f > 0. Under the constraint 7 ® = 7d = I, the maximizer to f(®, ®) is any two sets of k
orthonormal vectors with the same span as the k singular vector pairs of P™ with top singular values.

Proof. We start by showing the SVD trace objective is non-decreasing on the ODE flow.

d F T pm & T T pr & T pr & T/ T pr &

= (@t, (I%) — 2. Trace (@t P @t) ((1% P <1>t) 42 Trace (@t P @t) (@t P <I>t) .
Examining the first term on the right above, plugging in the dynamics for <i>,

\T . _\T .. .
Trace <(<I>tTP”<I>t) ((I)tTP“@t)) — Trace <<<I>tTP”<I>t) o7 pr (I - <I>t<I>tT> (™" <I>t(Pt)T>
~ T ~ ~ ~
=(a) Trace (((PW)T (I)t(Pt)T) (I - ‘Ptq’tT) (Pm)" ‘I’t(Pt)T->

Here, (a) follows from the form of the prediction matrix P, = i)tT (P’T)T ®,. Now, define A, = [a1,¢...ak4] =
(P™)" ®,(P,)T, the above rewrites as

Trace(AT (I - @t@?) Ay) = zk:agt (I - &)t@?) Qi
i=1

Since (I -, &)f) is an orthogonal projection matrix, we conclude the above quantity is non-negative. Similarly, we can

show that the second term on the right above is also non-negative, which concludes f > 0.

Now, we assume (P, @t) ¢ C p~. Without loss of generality, we assume in this case <i)t = 0, which implies there exists

certain column ¢ such that a; ; is not in the span of i)t. This means azt (I — <i>ﬁi>?> a;¢ > 0 and subsequently f > 0.

Finally, we show that under the constraint OTd = oTd =T , the maximizer to f (D, <i>) is any two set of k orthonorINnal
vectors with the same span as the k singular vector pairs of P™ with top singular values. In general, the matrix ®7 P™® is
not diagonal. Consider its SVD

TP = USVT,
\T ~ ~ ~ - ~ ~ ~
then we have (<I>U ) P™®V = X. Consider the new representation variable ® = ®U and &’ = ®V and note

they also satisfy the orthonormal constraint. Under the new variable, the matrix (¢’ )TPT@’ = ¥ is diagonal. Since
f(®,®) = f(PU, PV), it is equivalent to solve the optimization problem under an additional diagonal constraint

max f(@,é): __ max f(@,@)
ST P=GT H=] ST =T H=1,6T P diagonal

When &7 P™® is diagonal, the objective rewrites as

k N\ 2 k ~
; <¢;Pﬂ¢i) <(a) ; HPW@

where (a) follows from the fact that ¢; is a unit-length vector and the application of the inequality a”b < |al|, |||,
Now, under the constraint @7 ® = I, the right hand side is upper bounded by the sum of squared top k singular values
of P™: Zle o?. Let f* be the optimal objective of the original constrained problem. We have hence established

k
=S ) P
i=1

2
2

< Zle 2. On the other hand, if we let ®, d to be the top k singular vector pairs, they satisfy the constraint and this
shows f* > Y o2,

In summary, we have f* = Zle o? and the top k singular vector pairs U, V are the maximizer. Any k orthonormal
vectors with the same span as top k singular vector pairs can be expressed as U’ = UQ, V' = V R for some orthogonal
matrix Q, R € R¥**_ Since (U")TU' = (V)TV' =T and f(U,V) = f(U', V') = f*, they are also the maximizer to the
constrained problem. O
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C. Extension of non-collapse property to general loss function
Thus far, we have focused on the squared loss function for understanding the self-predictive learning dynamics,

P e argm}inL(@t,P),
: - o2 (1)
by = Vo, || PTo]w — sz (2]'y)|5]

We can extend the result to a more general class of loss function L(®;, P;). Such a loss function needs to be computed
as an expectation over a function F' of the product prediction and representation matrix ®; P;, used for computing the
prediction; and another argument for the representation matrix ®;, used for computing the target. More formally, we can
write L(®;, P;) = F (P,®;,®;) = E [f (PtTéth, @tTy)] for some function f : R* x R*¥ — k. For the least squared case,

we have f(a,b) = |la — b||§ We consider the self-predictive learning dynamics with such a general loss function,
P, € argmin F (9, P, D;),
. i (12)
(bt = —Vq:.tF ((PtPt, Sg (q)t)) .

We show that the non-collapse property also holds for the above dynamics.

Theorem 13. Assume the general loss function L(®, P) is such that the minimizer to L(®, P) satisfies the first-order
optimality condition, then under the dynamics in Equation (12), the covariance matrix ®7 ®; € R¥** is constant over time.

Proof. The proof follows closely from the proof of Theorem 1. Let A, = ®, P, € RI*I*F be the matrix product, the
assumption implies

Ve, F(®: P, ®;) = ®T 04, F(®,P;, ®;) = 0. (13)
On the other hand, the semi-gradient update for ®; can be written as
Oy = —Vg,F (O P, ;) = —0a, L(Ds, P)(P,)T.
Thanks to Equation (13), we have
ol'd, = —0T9,, F (®,P,, ;) (P)T =0.

Then, taking time derivative on the covariance matrix

d . . \T .
= (@7 2) = b7 0+ @] b, = (@f@t) +0Td, =0,
which implies that the covariance matrix is constant. O

Notable examples of loss functions that satisfy the above assumptions include Ly loss f(a,b) = |a — b| and the regularized
cosine similarity loss f(a,b) = —ab/ (||a||,, ||b||, + €), where € > 0 is a regularization constant.

D. Discussions on critical points to the self-predictive learning dynamics

We provide further discussions on the critical points to the self-predictive learning dynamics in Equation (5). For convenience,
we recall the set of ODEs

P, =3 P"d,, &y = (I - &,0]) PTd,(P;)".

According to Lemma 5, under the assumption that P is real diagonizable, any matrix with orthonormal columns with the
same span as a set of k£ eigenvectors constitutes a critical point to the ODE. Let C be the set of such matrices and recall that
Cp-~ is the set of critical points, we have C C Cpx.

We now consider two symmetric transition matrices, under which we have C = Cp~ and C C Cp~ respectively. In both
cases, we have | X'| = 2 and k = 1 for simplicity. In this case, ® can be expressed as a column vector P, is a 2-dimensional
vector and the prediction matrix P; is now a scalar.
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Case I where C = Cp~. Consider the following transition matrix

pr_ [0.9 0.1}

0.1 0.9

The transition matrix is symmetric and has eigenvalue A; = 1, A2 = 0.8. Note that

1 1
U=luul= | V3
V2 V2
is the matrix of eigenvectors. For convenience, we write
Qi
q)t = U
Bt

with coefficients oy, 3; € R. Assumption 3 dictates a? + 32 = 1. Now, we can calculate
P, =®{P"®, = o} +0.867 > 0,
which is strictly positive and hence always non-zero. Letting d, = 0, since P, # 0, we conclude span(P7®;) C span(®,).

This means @, is invariant and must be a direct sum of subspaces spanned by eigenvectors. In other words, we have Cp~ C C
and hence the two sets are in fact equal.

Case II where C C Cp~. Consider the following transition matrix we mentioned in Equation (6)

~ 0.1 09
L [0.9 0.1] )
The transition matrix is symmetric and has eigenvalue \; = 1, A\ = —0.8. Note that
1 1
U=lu,ug) = |2 V3
V2 V2
is the matrix of eigenvectors. For convenience, we write
Qi
o, =U
=vfs]

with coefficients o, 3; € R. Assumption 3 dictates o7 + 37 = 1. As before, we calculate
P =3'P"®, = a? — 0.832 > 0.

Now, we can identify a; = iﬁ, By = j:fv(l)'g as four non-eigenvector critical points. Indeed, since P, = 0, we have

®, = 0. However, since this critical point is a combination of two eigenvectors w1, uo, it does not span the same subspace
as either just u; or ug. In other words, we have found a critical point which does not belong to the set C and this implies

C g CPW.

Convergence of the dynamics in Case II. We replicate the diagram Fig. 3 here in Fig. 7, where we graph critical points
to the self-predictive learning dynamics with the above transition matrix on a unit circle. Recall that we have & = 1 so that
representations ®; are 2-d vectors. In addition to the eigenvector critical points plotted as blue dots (Lemma 5), we have also

identified other four critical points in red, corresponding to a;y = 8 NGt By = :I: F in four quadrants of the 2-d plane.

The only local update dynamics consistent with the local improvement property (Theorem 6) is shown as black arrows
on the unit circle. When the representation is initialized near the bottom eigenvector, it will converge to one of the four
non-eigenvector critical points and not the top eigenvector.
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Figure 7. Critical points and local dynamics of the example MDP in Equation (6). We consider kK = 1 so representations ®; are 2-d
vectors. There are four eigenvector critical points (light and dark blue) and four non-eigenvector critical points (red) of the ODE, shown on
the unit circle. The black arrows show the local update direction based on the ODE. Initialized near the bottom eigenvector, the dynamics
converges to one of the four non-eigenvector critical points and not to the top eigenvector.

E. Algorithmic and implementation details on BYOL-RL

We provide background details on BYOL-RL (Guo et al., 2022), a deep RL agent based on which our deep bidirectional
self-predictive learning algorithm is implemented. We start with a relatively high-level description of the algorithm.

BYOL-RL is designed to work in the POMDP setting, where the agent observes a sequence of observations over time o; € O.
Define history h; € H at time ¢ as the combination of previous observations h; = (05)s<¢ (note here the observation o5 can
contain action as_1). BYOL-RL adopts a few functions to represent the raw observation and history

+ An observation embedding function f : © — R? which maps the observation o; into d-dimensional embeddings. In
practice, this is implemented as a convolutional neural network.

* A recurrent embedding function g : R¥ x R? — R* which processes the observation in a recurrent way. In practice, this
is implemented as the core output of a LSTM.

In POMDP, we can consider the history h; as a proxy to the state in the MDP case. Let ®(h;) € R* be the k-dimensional
representation of history, we use the recurrent function to embed the history recursively

() = g (@(he-1), f(or)) -

BYOL-RL parameterizes the latent prediction function p : R¥ x (A)" — R¥, which can be understood as predicting the
history representation n-step from now on, using only intermediate action sequence .4y —1

P (P(he), ar:t4n-1) € R”.

Finally, another projection function ¢ : R¥ — R maps the predicted history representation, into the d-dimensional
embedding space of the observation. Overall, the prediction objective is

E [ llg (0 (@(h0), @zt 1)) = sg (Forsn))l3]

The notation sg indicates stop-gradient on the prediction target. All parameterized functions in BYOL-RL f, g, p, g, are
optimized via semi-gradient descent.

Note that there are a number of discrepancies between theory and practice, such as multi-step prediction, action-conditional
prediction and partial observability. See Section 6 for some discussions on possible extensions of the theoretical model to
the more general case. We refer readers to the original paper (Guo et al., 2022) for detailed description of the neural network
architecture and hyper-parameters.
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E.1. Details on deep bidirectional self-predictive learning with BYOL-RL

We build the deep bidirectional self-predictive learning algorithm on top of BYOL-RL. The bidirectional self-predictive
learning dynamics motivates a backward prediction loss function, which we instantiate as follows in the POMDP case.

For the backward prediction, we can instantiate an observation embedding function f : © — R? and recurrent embedding
function § : R* x R? — R, analogous to the forward prediction case. We also parameterize a backward latent dynamics
function p : R*¥ x (A)" — R*. Finally, we parameterize a projection function ¢ : R¥ — R<. The overall backward

prediction objective is
[ 6 000 n-2)) st (Fo0) ]

where the backward recurrent representation is computed recursively as ®(h,_1) = § (é(ht), f(op—1 )) In other words,
we can understand the backward prediction problem as almost exactly mirroring the forward prediction problem.

As a design choice, we share the observation embedding in both the forward and backward process f = f . The motivation
for such a design choice is that one arguably expects the observation embedding to share many common features for both the

forward and backward process, when the input observations are images; secondly, since the embedding function is usually a
much larger network compared to rest of the architecture, parameter sharing helps reduce the computational cost.

E.2. Differences from PBL (Guo et al., 2019)

PBL is a representation learning algorithm based on both forward and backward predictions. In the POMDP case, PBL
simply parameterizes a projection function Gpp; : R* — R?. The backward prediction loss is computed as

B i (7 (o)) — se @res].

In other words, the backward prediction seeks to predict the recurrent history embedding ®(h;.,) from the observation
embedding f(o;1,). By design, the backward prediction shares the same observation embedding function as the forward
prediction f = f.

F. Transition matrix to illustrate the failure mode of self-predictive learning

To design examples that illustrate the failure mode of single representation learning dynamics, it is useful to review the
intuitive interpretations of left and right singular vectors of P™ as clustering states with certain similar features. Left singular
vectors cluster together states with similar outgoing distribution, i.e., states with similar rows in P™. Meanwhile, right
singular vectors cluster together states with similar incoming distributions, i.e., states with similar columns in P7.

The example transition matrix with |X'| = 3 states is

0 1/2 1/2
P =10 1/2 1/2
1 0 0

We can calculate the top-1 left and right singular vectors as

1 1 1 1
uy = |——=,———,0] 10 = |0, ——=,———=1,
’ [ V2 V2 } ’ [ V2 V2 }
which concides with the previous intuition that the top left singular vector should cluster together the first two states. Indeed,
by assigning a value of —1/+/2 to the first two states, the top left singular vector effectively considers the first two states as
being identical. Meanwhile, the top right singular vector should cluster together the last two states.

G. Experiment details

We provide additional details on the experimental setups in the paper.
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G.1. Tabular experiments

Throughout, tabular experiments are carried out on randomly generated MDPs. Instead of explicitly generating the MDPs,
we generate the state transition matrix P™ € RI¥*I¥1 where |X'| = 20 by default. In general, the algorithm learns k = 2
representation columns.

Generating random P™. To generate random doubly-stochastic transition matrix, we start by randomly initialize entries
of P to be i.i.d. Uniform(0, 1). Then we carry out column normalization and row normalization

P <—P¢j/ZPz'k7Pij Fpij/zpkj
k k

until convergence. It is guaranteed that P has row sum and column sum to be both 1, and is hence doubly-stochastic. The
transition matrix is computed as

P™ = aP + (1 — &) Pyerm,

where Pperm is a randomly generated permutation matrix and o ~ Uniform(0, 1). It is straightforward to verify P is
doubly-stochastic. To generate symmetric transition matrix, we follow the above procedure and apply a symmetric operation
(P™ + (P™)") /2, which produces P™ as a symmetric transition matrix. In Fig. 4, we generate doubly-stochastic matrices as
examples of non-symmetric matrices.

Normalized trace objective. When plotting trace objectives, we usually calculate the normalized objective. For symmetric
matrix P™, the normalizer is the sum of top-k squared eigenvalue of P™: let \; be the eigenvalues of P™ ordered such that
|Ai| > |Ait1], then normalizer is Zle |\i|?. For double-stochastic matrix P™, the normalizer is the squaresum of topd
ma-kximum singular singular value: let o; be the singular values of P™, the normalizer is Zle o?. Such normalzers upper
bound the trace objective and SVD trace objective respectively.

ODE vs. discretized update. We carry out experiments in the tabular MDPs with setups. In Figs. 4 and 5, we simulate
the exact ODE dynamics using the Scipy ODE solver (Virtanen et al., 2020b). In Figs. 2 and 10, we simluate the discretized
process using a finite learning rate 7 on the representation matrix ®;. This corresponds to implementing the update rule in
Equation (2). By default, in discretized updates we adopt = 1073 so that the non-coallpse property is almost satisfied.

G.1.1. COMPLETE RESULT TO Fi1G. 4

We present the complete result to Fig. 4 in Fig. 8, where we display the evolution of the trace objective for a total of 100
iterations in Fig. 8(a). Note that as the simulation runs longer, in the non-symmetric MDP case, we can observe very small
oscillations in the trace objective. However, overall, the trace objective improves significantly compared to the initial values.

In Fig. 2(b), we make more clear the individual runs across different MDPs. Though in most MDPs, the trace objective is
improved significantly given 100 iterations, there exists MDP instances where the improvement is very slow and appear
highly monotonic in the non-symmetric case. In the symmetric case, there can exist MDPs where the rate of improvement
for the trace objective is slow too.

G.1.2. EFFECT OF TARGET NETWORK

In practice, it is common to maintain a target network for constructing prediction targets for self-prediction (Guo et al.,
2019; Schwarzer et al., 2021; Guo et al., 2020). Under our framework, the prediction loss function is

L(®, P, ") = Esngympr () [||PT‘I>T$ - (@’)Tyni} »

where ®’ is the target network, or target representation matrix. The target representation matrix is updated via moving
average towards the online representation matrix

d
%q):e = B(‘pt - (I’;)
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Figure 8. Complete result for Fig. 4 where we now show the result over a large number of iterations in (a). In (b), we make more clear the
individual runs across different MDPs.

The overall self-predictive learning dynamics with target representation is:

Pt = argmgn .Z/(q)h P7 ¢;)7

Vo B [| PT#le — s (@)7)]3]

@,
b,

In Fig. 9, we carry out ablation on the effect of 5. We consider the symmetric MDP case where the self-predictive learning
dynamics in Equation (4) should monotonically improve the trace objective. Here, we also plot the trace objective. When
B = 0, the result shows that the trace objective still improves compared to the initialization, though such an improvement is
much more limited and can be very non-monotonic. When 8 > 0, we see that the learning dynamics behaves very similarly
to Equation (4).

G.1.3. ABLATION ON HOW HYPER-PARAMETERS IMPACT NON-COLLAPSE DYNAMICS

We now present results on how a number of different hyper-parameters impact the non-collapse dynamics: finite learning
rate and non-optimal predictor.

Finite learning rate. Thus far, our theory has been focused on the continuous time case, which corresponds to a
infinitesimally small learning rate. With finite learning rate, we expect the non-collapse to be violated. Fig. 10(a) shows the
effect of finite learning rate on the preservation of the cosine similarity between two representation vectors ¢ ; and ¢o ;.
The two vectors are initialized to be orthogonal, so their cosine similarity is initialized at 0. We consider a grid of learning
rate € {0.01,0.1,1, 10}; to ensure fair comparison, for learning rate 7, we showcase the cosine similarity (¢1 ¢, p2 ) at
iteration T'/n with T = 10000. Interpreting 7 as the magnitude of the step-size, this is to ensure that at each learning rate,
the result is obtained after updating for a total step-size of ) - T'/ry = T.

As Fig. 10(a) shows, when the learning rate increases, the cosine similarity (¢1 ¢, ¢2 ;) increases, indicating a more severe
violation of the non-collapse property. As (¢1 ¢, p2.+) — 1, the two representation vectors become more and more aligned
with each other, and eventually coallpse to the same direction.
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Figure 9. Impact of target representation matrix on the learning dynamics. We introduce a target representation matrix ®; whose dynamics
is %@Q = B(®; — @), i.e., based on a moving average update towards the main representation matrix ®;. With the target representation
matrix in place, the trace objective still improves overall, but the improvement is likely to be non-monotonic.

Non-optimal predictor. Our theory has suggested that the optimal predictor is important for the non-collapse of the
self-predictive learning dynamics. To assess how sensitive the non-collapse property is to the level of imperfection of the
predictor, at each time step ¢, let P;* be the optimal predictor. We set the prediction matrix as a corrupted version of the
optimal prediction matrix,

Pt:Pt*+€7

where € € R¥** is a noise matrix whose entries are sampled i.i.d. from Gaussian distribution A’(0, o2). Here, o determines
the level of noise used for corrupting the predictor. This is meant to emulate a practical setup where the prediction matrix is
not learned perfectly.

In Fig. 10(b), we show the cosine similarity between ¢; ; and ¢ ; after a fixed number of iterations 1" = 10000. As the
noise scale o increases, we observe an increasing tendency to collapse.

G.2. Deep RL experiments

We provide details on the deep RL experiments.

We compare the deep bidirectional self-predictive learning algorithm, an algorithm inspired from the bidirectional self-
predictive learning dynamics in Equation (8), with BYOL-RL (Guo et al., 2020). BYOL-RL can be understood as an
application of self-predictive learning dynamics in the POMDP case. BYOL-RL is built on V-MPO (Song et al., 2020),
an actor-critic algorithm which shapes the representation using policy gradient, without explicit representation learning
objectives. See Appendix E for a more detailed description of the BYOL-RL agent and how it is adapted to allow for
bidirectional self-predictive learning.

BYOL-RL implements a forward prediction loss function Lgyq, Which is combined with V-MPO’s RL loss function
LpyoLrL = L + Liwg-
The bidirectional self-predictive learning algorithm introduces a backward prediction loss function
Lyidirectional = Ln + Lfwa + @ Lbwd,

where o > 0 is the only extra hyper-parameter we introduce. Throughout, we set @ = 1 which introduces an equal
weight between the forward and backward predictions, as this most strictly adheres to the theory. All hyper-parameters and
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Figure 10. Ablation experiments to assess the sensitivity of the non-collapse property to finite learning rate and non-optimal prediction
matrix. Across all plots, y-axis shows the cosine similarity (¢1,¢, ¢2,+) after some iterations of learning. Since the two vectors are
initialized to be orthogonal, as the inner product increases from 0 to 1, we expect the representations to collapse to the same direction.

architecture are shared across experiments wherever possible. We refer readers to Guo et al. (Guo et al., 2020) for complete
information on the network architecture and hyper-parameters.

Test bed. Our test bed is DMLab-30, a collection of 30 diverse partially observable cognitive tasks in the 3D DeepMind
Lab (Beattie et al., 2016). DMLab-30 has visual input v; to the agent, along with the agent’s previous action a,_; and
reward function 7;_1, form the observation at time ¢: o = (v¢, az—1,7r¢—1).

To better illustrate the importance of representation learning, we consider the multi-task setup where the agent is required to
solve all 30 tasks simultaneously. In practice, at each episode, the agent uniformly samples an environment out of the 30
tasks and generates a sequence of experience. Since the task id is not provided, the agent needs to implicitly infer the task
while interacting with the sampled environment. This intuitively explains why representation learning is valuable in such a
setting, as observed in prior work (Guo et al., 2019).

In Fig. 11, we compare the per-game performance of BYOL-RL with the RL baseline, measured in terms of the human
normalized scores. Here, let z; be the raw score for the ¢-th game, u; the raw score of a random policy and h; the raw

score of humans, then the human normalized score is calculated as h Indeed, we see that BYOL-RL significantly
out-performs the RL baseline across most games.
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Figure 11. Per-game improvement of BYOL-RL compared to baseline RL algorithm, in terms of mean human normalized scores averaged
across 3 seeds. The scores are obtained at the end of training. The improvement in performance is significant in most games.



